International Journal of Mathematics, Statistics and Operations Research ARF INDIA
Vol. 3; Number 1; 2023, pp. 135-154 Acadenmic Open Access Publishing
https://doi.org/10.47509/IJMSOR.2023.v03i01.08 www.arournals.com

FOUR GENERAL CONTINUITY PROPERTIES,
FOR PAIRS OF FUNCTIONS, RELATIONS AND RELATORS,
WHOSE PARTICULAR CASES COULD BE INVESTIGATED
BY HUNDREDS OF MATHEMATICIANS

ARPAD SZAZ

ABSTRACT. This is a research proposal for those who are interested in the
unification of several continuity-like properties of functions and relations in
the framework of relator spaces. For this, motivated by Galois connections,
we shall use a pair of relations instead of a single function or relation.

A family R of relations on one set X to another Y is called a relator on X
to Y. All reasonable generalizations of the usual topological structures (such
as proximities, closures, topologies, filters and convergences, for instance) can
be derived from relators. Therefore, they should not be studied separately.

From the various topological and algebraic stuctures (such as lower bounds,
minimum and infimum, for instance) derived from relators, by using Pataki
connections, we obtain several closure and modification operations for relators.
Each of them leads to four reasonable continuity or increasingness properties.

1. RELATIONS AND FUNCTIONS

A subset F of a product set XxY is called a relation on X to Y. In particular,
arelation F on X to itself is simply called a relation on X. And, Ax = {(z, z) :
x € X} is called the identity relation of X.

If F is a relation on X to Y, then for any € X and A C X the sets
Fx)={yeY: (z,y)€ F} and F[A] = J,c4 F(a) are called the images
or neighbourhoods of x and A under F', respectively.

If (z,y) € F, then instead of y € F (z), we may also write = F'y. However,
instead of F'[A], we cannot write F (A). Namely, it may occur that, in addition
to A C X, we also have A € X.

The sets Dp ={z € X: F(x)#0} and Rp = F[X] are called the domain
and range of F', respectively. If in particular Dp = X, then we say that F is a
relation of X to Y, or that F is a total relation on X to Y.

In particular, a relation f on X to Y is called a function if for each x € Dy
there exists y € Y such that f(x) = {y}. In this case, by identifying singletons
with their elements, we may simply write f(z) =y in place of f(z) ={y}.

Moreover, a function x of X to itself is called a unary operation on X. While, a
function * of X2 to X is called a binary operation on X. And, for any z, y € X,
we usually write * and x *y instead of *(z) and *(z, y).

If F isarelationon X to Y, then a function f of Dp to Y is called a selection
function of F if f(x) € F(z) for all x € Dg. Thus, by the Axiom of Choice
[19], we can see that every relation is the union of its selection functions.
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For a relation F on X to Y, we may naturally define two set-valued functions
¢, of X to P(Y) and ®p of P(X) to P(Y) such that ¢, (z) = F (z) for all
zeX and ®p(A)= F[A] forall ACX.

Functions of X to P(Y') can be naturally identified with relations on X to Y.
While, functions of P(X) to P(Y) are more powerful objects than relations on
X to Y. In [76, 81], they were briefly called corelations on X to Y.

However, if U is a relation on P(X) to Y and V is a relation on P(X) to
P(Y), then it is better to say that U is a super relation and V is a hyper relation
on X to'Y [86, 41]. Thus, closures (proximities) [93] are super (hyper) relations.

Note that a super relation on X to Y is an arbitrary subset of P (X)x Y.
While, a corelation on X to Y is a particular subset of P (X)x P(Y). Thus, set
inclusion is a natural partial order for super relations, but not for corelations.

For a relation F' on X to Y, the relation, F'¢ = (X xY )\ F is called the
complement of F'. Thus, it can be shown that F¢(x) = F(z)¢ =Y \ F(z) for all
reX,and F[A]°=(),ca F(a) forall AC X.

Moreover, the relation F~' = {(y, x): (z,y) € F} is called the inverse of
F. Thus, it can be shown that F~'[B]={rx € X: F(z)Nn B # 0} for all
B CY, and in particular Dr = F~1[Y].

If ' is arelation on X to Y, then we have F' = J .y {z}xF (). Therefore,
the values F' (), where z € X, uniquely determine F'. Thus, a relation F' on X
to Y can also be naturally defined by specifying F' (z) for all z € X.

For instance, if G is a relation on Y to Z, then the composition relation Go F
can be naturally defined such that (Go F)(x)= G[F (z)] for all 2 € X. Thus,
it can be shown that (Go F)[A]= G[F[A]] forall AC X.

While, if G is a relation on Z to W, then the box product FKG can be defined
such that (FXG)(z, 2) = F(x) xG(2) forall x € X and z € Z. Thus, it can
be shown that (FXG)[A]= GoAoF~! forall AC XxZ [74].

Hence, by taking A = {(z, z)}, and A=Ay if Y = Z, one can at once see
that the box and composition products are actually equivalent tools. However, the
box product can be immediately defined for any family of relations.

2. IMPORTANT RELATIONAL PROPERTIES

Now, a relation R on X, i.e., asubset R of X2, may be briefly defined to be
reflexive and transitive if under the plausible notations R° = Ay and R?> = RoR
we have R® C R and R? C R, respectively.

Moreover, R may be briefly defined to be symmetric and antisymmetric if
R C R and RNR™! C RY, respectively. And, R may be briefly defined
to be total and directive if X? C RUR™! and X2 C R~'o R, respectively.

In addition to the above properties, several further remarkable relational prop-
erties were studied in [58]. For instance, a relation R on X was called quasi-anti-
symmetric if y € R(z) and = € R(y) imply R(x) = R(y) for all z, y € X.

Much more importantly, a relation R on X was called non-mingled-valued if
R(z)N R(y) # 0 implies R(x) = R(y) for all =, y € X. Thus, it can be shown
that all equivalence and linear relations [89] are non-mingled-valued.

The latter two properties, by using the reasonable notations R~ = R"'o R
and R° = (R_lo Rc)c7 can be reformulated in the forms RN R~! C R° and
Ro R~ C R, respectively. Note that if R is non-partial, then R C Ro R~ holds.

In the sequel, a reflexive and transitive (symmetric) relation may be called a
preorder (tolerance) relation. And, a symmetric (antisymmetric) preorder relation
may be called an equivalence (partial order) relation.
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According to general algebra, for any relation R on X, we may naturally define
R™=RoR™ ! if n € N. Moreover, we may also define R =[J>2  R™. Thus,
R > is the smallest preorder relation containing R [17].

Now, in contrast to (F¢)¢=F and (F~1)"! = F, we have (R>®)>® = R*>.
Moreover, analogously to (F¢)~! = (F~1)¢ we also have (R*®)~! = (R™1)>.
Thus, in particular R~! is also a preorder on X if R is a preorder on X.

For A C X, the Pervin relation Ry = A?U (A°xX ) is an important preorder
on X [38]. While, for a pseudo-metric d on X, the Weil surrounding B¢ =
{(z,y) € X?: d(x,y) <r}, with r >0, is an important tolerance on X [95].

Note that S4 = R4 N R;l =RAiNRsc=A%N (AC)2 is already an equiva-
lence relation on X. And, more generally if A is a cover (partition) of X, then
Sa=Uaca A? is a tolerance (equivalence) relation on X.

Now, as a straightforward generalization of the Pervin relation R 4, for any
A C X and B C Y, we may also naturally consider the Hunsaker-Lindgren
relation R4 p)y = (AxB)U(A°xY) [18]. (See also [10, pp. 42 and 351].)

However, it is more interesting to note that if A = (An)j::l is an increasing
sequence in P (X), then the Cantor relation R4 = Ax U |J (An X A%) is
also an important preorder on X [34, 20].

Note that if R is only reflexive relation on X and x € X, then Ag(x) =
(R”(aj))zozl is already an increasing sequence in P(X). Thus, the preorder
relation R 4,(,) may also be naturally investigated.

Moreover, for a real function ¢ of X and a quasi-pseudo-metric d on X [15],
the Brondsted relation R, a = {(z,y) € X?: d(z,y) < ¢y)—¢(x)} is
also an important preorder on X [7] .

From this relation, by letting ¢ and d to be the zero functions, we can obtain

the specialization and preference relations Ry = {(z,y) € X?: d(z,y) =0}
and R, ={(z,y) e X?: p(z) < p(y)}, respectively. (See [9] and [94].)

3. RELATOR SPACES

A family R of relations on one set X to another Y will be called a relator on
X toY, and the ordered pair (X,Y)(R)= ((X,Y), R) will be called a relator
space. For the origins of this notion, see [48, 61], and the references in [48].

If in particular R is a relator on X to itself, then R is simply called a relator
on X. Thus, by identifying singletons with their elements, we may naturally write
X (R) instead of (X, X)(R). Namely, (X, X)={{X},{X, X}} ={{X}}.

Relator spaces of this simpler type are already substantial generalizations of
the various ordered sets [11, 43] and uniform spaces [93, 15]. However, they are
insufficient for some important purposes. (See, [16] and [61, 74, 76, 91].)

A relator R on X to Y, or the relator space (X,Y)(R), is called simple if
R ={R} for some relation Ron X to Y. Simple relator spaces (X, Y)(R) and
X (R) were called formal contezts and gosets in [16] and [78], respectively.

Moreover, a relator R on X, or the relator space X(R), may, for instance, be
naturally called reflexive if each member of R is reflexive on X. Thus, we may
also naturally speak of preorder, tolerance and equivalence relators.

For instance, for a family A of subsets of X, the family R4 ={Ra: A€ A},
where R4 = A2U(A°xX), is an important preorder relator on X . Such relators
were first explicitly used by Pervin [38] and Levine [2§].

While, for a family D of pseudo-metrics on X, the family Rp = {B%: r >
0, d e D}, where B = {(z,y) : d(z,y) < r}, is an important tolerance
relator on X. Such relators were already considered by Weil [95].
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Moreover, if & is a family of covers (partitions) of X, then the family
Re = {Sa: A€ &}, where Sq4 = Uucq A?, is an important tolerance
(equivalence) relator on X. Equivalence relators were studied by Levine [27].

If % is a unary operation for relations on X to Y, then for any relator R on
X to Y we may naturally define R* = {R* : Re R} . However, this plausible
notation may cause confusions if x is a set-theoretic operation.

For instance, for any relator R on X to Y, we may naturally define the
elementwise complement R¢ = {R°: R € R}, which may easily be confused
with the global complement R¢ =P (XxY)\ R of R.

However, for instance, the practical notations R~ = {R~™!: R € R}, and
R>® ={R>*: R € R} whenever R is only a relator on X, will certainly not
cause any confusion in the sequel.

For a relator R on X, we may also define R? = {S C X2:. Sx¢ R}
Namely, for any two relators R and S on X, we have R*C S «<— RCS 9
That is, co and 0 form a Galois connection [11, p. 155].

The operations oo and @ were introduced by Mala [29, 31] and Pataki [36, 37],
respectively. These two former PhD students of mine together with Janos Kurdics
[23, 25], have made substantial developments in the theory of relators.

Moreover, if * is a binary operation for relations, then for any two relators R
and § we may naturally define R xS = {R *xS: ReR, Se S}. However,
this notation may again cause confusions if * is a set-theoretic operation

Therefore, in the former papers, we rather wrote RAS = { RNS: ReR, Se
S}. Moreover, for instance, we also wrote RAR ™! = {Rﬂ R': Rc R}
Thus, RAR ™! is a symmetric relator such that RAR"!CRARL.

A function O of the family of all relators on X to Y is called a direct (indirect)
unary operation for relators if, for every relator R on X to Y, the value RY =
O(R) is arelator on X to Y (on Y to X).

More generally, a function § of the family of all relators on X to Y is called a
structure for relators if, for every relator R on X to Y, the value §r = §(R) is
in a power set depending only on X and Y.

Concerning structures and unary operations for relators, we can freely use some
basic terminology on set-to-set functions [81]. However, for closures and projec-
tions, we can now also use the terms refinements and modifications, respectively.

For instance, ¢ and —1 are involution operations for relators. While, oo and
0 are projection operations for relators. Moreover, the operation [ = ¢, oo or 0
is tnversion compatible in the sense that (R D) o (R‘l ) D.

While, if for instance intgx(B)={zx € X: IRecR: R(z)C B} for every
relator R on X to Y and B CY, then the function §, defined by §(R) = intg,
is a union-preserving structure for relators.

The first basic problem in the theory of relators is that, for any union-preserving
structure §, we have to find an unary operation [J for relators such that, for any
two relators R and S on X to Y we could have s C §r < SC RU.

By using Pataki connections [36, 84], several closure operations can be derived
from union-preserving structures. However, more generally, one can find first the
Galois adjoint & of such a structure §, and then take Oz = & o §F [66] .

By finding the Galois adjoint of the structure §, the second basic problem for
relators, that which structures can be derived from relators, can also be solved.
However, for this, some direct methods can also be well used [53, 68] .

Now, for an operation [ for relators, a relator R on X to Y may be naturally
called O-fine if RY = R. And, for some structure § for relators, two relators
R and S on X to Y may be naturally called §—equivalent if §gr = §s.
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Moreover, for a structure § for relators, a relator R on X to Y may, for
instance, be naturally called F—simple if §r = Fr for some relation R on X to
Y. Thus, singleton relators have to be actually called properly simple.

4. TOPOLOGICAL STRUCTURES DERIVED FROM RELATORS

If R isarelatoron X to Y, thenforany AC X, BCY and z€ X, yeY
we define:

(1) Aentr(B) if R[A] C B for some ReTR,;
(2) AeClg(B) if R[A]NB#0 forall ReR;

(3) z €intg(B) if {x} € Intg(B); (4) zeo,(y) if zeintg ({y}) ;
(5) zeclg(B) if {z} € Clg(B); (6) ze€p,(y) if xz€ CIR({y}) :
(7) Beé&r if mtR(B);E@, (8) B e D if CI’R(B):X

Moreover, if in particular R is a relator on X, then for any A C X we also
define:

9) Acrr if AcIntr(A), (10) Aer, if A°¢ Clg(A),
(11) A€ Tr if AC intg(A), (12) AeFr if cr(A) C A;
(13) AeNr if clr(A)¢ Er; (14) Ae Mg if intg(A)€Dg.

The relations Intg, intg and o, are called the prozimal, topological and
infinitesimal interiors generated by R, respectively. While, the members of the
families, 7., Tr, Er and Ng are called the prozimally open, topologically open,
fat and rare (nowhere dense) subsets of the relator space X (R), respectively.

The origins of the relations Clz and Inti go back to Efremovié’s proximity
d [13] and Smirnov’s strong inclusion € [46], respectively. The families 7 and
Er were first explicitly used by the present author [53]. In particular, the practical
notation %, has been suggested by Janos Kurdics.

By the above definitions, for any relator R on X to Y and B C Y, we have
Clg(B) = P(X) \ Intg (B°); clr(B) = X \intg (B*);
Clr-1 = C17_21 ; Intgr-1 =Cyo Int;z1 oCx;
Dr={DCY: D¢ &} ={DCY: VEcér: END#0};
where Cx(A)= X\ A forall ACX.
Moreover, if in particular R is a relator on X, then we also have
Fr = Tr-1; Fr={ACX: A°€r1n};
fR:{AQX: ACGTR}; MR:{AQX: ACGNR}.
Thus, the proximal closures and proximally open sets are usually more convenient

tools, than the topological closures (proximal interiors) and topologically open sets,
respectively.

Moreover, the fat sets are frequently also more convenient tools than the topolo-
gically open ones. For instance, if < is a relation on X, then 7< and £< are just

the families of all ascending and residual subsets of the goset X (<), respectively.
Moreover, if in particular X =R and R is a relation on X such that

R(zx)={x—1}U [z, +o0]
for all x € X, then Tp={0, X}, but £r is quite large family.
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However, the importance of the fat and dense sets lies manly in the fact that if
R is a relator on X to Y, and ¢ and v are functions of a relator space I'(U)
to X and Y, respectively, then by using the function (¢, 1), defined by

(e, )M = (e (), ¥(7))

for all v € I', we may also define

(15) ¢ € Limg (¢) if (p,v) '[R]€&y forall ReR;

(16) ¢ € Adhg (v) if (p,¥) '[R] €Dy forall ReR.

Now, for any = € X, we may also naturally define:

(17) z elimg(v) if =z, € Limg(v¢); (18) z € adhg(V) if z,. € Adhg(9);

where z . is a function of I" to X such that x.(y) =z forall y €I

The big limit relation Limp, suggested by Efremovié¢ and Svarc[14], is, in
general, a much stronger tool in the relator space (X, Y )(R) than the big closure
and interior relations Clg and Intg suggested by Efremovié¢ [13] and Smirnov [46].

Namely, it can be shown that, forany A C X and B C Y, we have A € Clgz(B)
if and only if there exist a preordered set I'(<) and functions ¢ and @ of I' to
A and B, respectively, such that ¢ € Limg () (¢ € Adhg()).

5. ALGEBRAIC STRUCTURES DERIVED FROM RELATORS

If R is arelator on X to Y, then according to [63], forany AC X, BCY,
x € X and y € Y we may also naturally define:

(1) A€lbg(B) and B € Ubgr(A) if AxB C R forsome RER;
(2) xze€lbgr(B) if {z} € Lbg(B); (3) yeubg(A) if {y} € Ubgr(A);
(4) Be£r if lbgr(B)#0; (5) Aelr if ubg(A)#0.

Moreover, in particular R is a relator on X, then for any A C X we may also
naturally define:

(6) ming(A) =ANIlbgr(A); (7) maxg(A) =ANubgr(4);

(8) Ming(A) =P(A) NLbgr(A4); (9) Maxg(A) =P (A)NUbr(A);
(10) infgr(A) = maxg (Ibr(A)); (11) supg(A) = ming (ubg(A));
(12) Infgr(A) = Maxg [Lbgr(A)]; (13) Supg(A4) = Ming [Ubg(4)];
(14) Aet, if AecLbr(A); (15) Acu, if AeUbgr(4);
(16) AeLr if ACIbgr(A); (17) AeUr if ACubgr(A).

By the above definitions, for any relator R on X to Y, we have
Ubg = Lbg 1 = Lby'; ubg =lbg-1; Up = Lr-1.
Moreover, if in particular R is a relator on X, then we also have
=Ly Ur = Lr-1;
Ael, < AecMing(A) < Aclhfr(4);
. =Ming [P(X)]; Lz = ming [P(X)].

b, CLrNUR; uRzﬁR

However, the above algebraic structures are not independent of the former topo-
logical ones. Namely, if R is a relation on X to Y, then for any A C X and
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B CY we have

AXBCR <= Va€A: BCR(a) < Va€A: R(a)°C B°
< Va€eA: R a)CB° < R°[A]C B“.
Therefore, if R is a relator on X to Y, then by the corresponding definitions, for
any AC X and B CY, we also have
Aclbr(B) < Actgr:(B¢) < Aec (IntrcoCy)(B).

Hence, we can already infer that
Lbr =IntgcoCy; lbg =intgcoCy; Intg =Lbgrcoly; intr =IbrcoClCy.

Therefore, in contrast to a common belief, some algebraic and topological
structures are just as closely related to each other by the above equalities as the
exponential and the trigonometric functions are by the celebrated Euler formulas
[47, p.227].

6. CLOSURE AND PROJECTION OPERATIONS FOR RELATORS

From the various structures derived from relators, by using Pataki connections
[36, 84], we can derive several closure operations for relators.

However, the first three of the following operations were already considered by
Bourbaki [6, p. 169], Kenyon [22] and H. Nakano and K. Nakano [32].

For instance, for any relator R on X to Y, the relators

R*={SCXxY: 3 ReR: RCS};
R¥={SCXxY: VACX: 3 ReR: R[A]CS[A]};
RN"={SCXxY: VazeX: I ReR: R(z)CS(x)};

Re={SCXxY: VzeX: J ueX: FReR: R(u)CS(x)}

are called the uniform, proximal, topological, and paratopological closures (refine-
ments) of the relator R, respectively.

Thus, we evidently have R C R* C R#C RNC R for any relator R on X
to Y. Moreover, if in particular R is a relator on X, then we can easily prove
that R C R* > CR>®*CR*.

However, it is now more important to note that, because of the corresponding
definitions in Section 4, we also have

R#¥={SCXxY: VACX: Acltgr(S[A])},
RN={SCXxY: VzeX: zecintp(S))},
Re={SCXxY: VezeX: S(z)€ér}.

Morover, by using a Pataki connections [36, 84], we can, for instance, prove the
following theorems and their corollaries in a unified way.

Theorem 6.1. #, A and A are closure operations for relators such that, for any
two relators R and S on X to Y, we have

(1) SCR#* +—= S#¥CR¥ <= IntsCIntg <= Clg C Clgs,
(2) SCRN <= S"CR" <= intgCintg <= clg Cdlg,
(3) SCRY <— S*CR? << EEsCEér < DrCDs.

Corollary 6.2. For any relator R on X to Y,
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(1) S=R7% is the largest relator on X to Y such that Ints = Intg , or
equivalently Clg = Clg ;

(2) S=R" is the largest relator on X to Y such that ints = intg, or
equivalently cls = clg ;

(3) S=TR?* isthe largest relator on X to Y such that Es = Er, or equivalently
Ds = Dy .

Theorem 6.3. # 0 is a closure operation for relators such that for any two relators
R and S on X, we have

SCR#? — SH#ICR#? «— 71,C1, <= 75sC 7pr.
Corollary 6.4. For any relator R on X, S =R%#? is the largest relator on X
such that 7 = T or equivalently s = Fr .

Remark 6.5. A0 is only a preclosure operation for relators. Moreover, if R is
a relator on X, then in general there does not exist a largest relator S such that
Ts = Tr . (See Mala [29, Example 5.3] and Pataki [36, Example 7.2].)

In the light of this and other disadvantages of the structure 7, it is rather
curious that most of the works in topology and analysis are based on open sets
suggested by Tietze [92] and standardized by Bourbaki [6] and Kelley [21].

Moreover, it also a striking fact that, despite the results of Pervin [38], Fletcher
and Lindgren [15] and the present author [68], generalized topologies and minimal
structures are still intensively investigated by a great number of mathematicians.

Concerning the structures 7 and F, instead of an analogue of Theorem 6.3,
we can only prove the following generalizations of the results of Mala [29, 31].

Theorem 6.6. A oo is a modification operation for relators such that, for any two
nonvoid relators R and S on X, we have

SNP CRN = S'"*CRN® = TsCTr <— FsC Fr.

Corollary 6.7. For any nonvoid relator R on X, S = R”"> s the largest
preorder relator on X such that Ts = Tr or equivalently Fs C Fr .

Remark 6.8. Quite similar theorems can be proved concerning the modification
operations # oo and oo #.

Their advantage over the closure operation # 0 lies mainly in the fact that,
in contrast to the letter one, they are still stable in the sense that they leave the
relator { X2} fixed for any set X.

Finally, we note that, by using the notations
@ =c#c and W=cAc
we can also prove the following analogues of Theorem 6.1 and its corollary.

Theorem 6.9. @ and (» are closure operations for relators such that, for any
two relators R and S on X to Y, we have

1) SCRD® = SBDcR®D® <« LbsCLbg,

2 SCRO «— SOCRO « IbsClbr.

Corollary 6.10. For any relator R on X to Y,

(1) = R® s the largest relator on X to Y such that Lbs = Lbg ;
(2) S= RO s the largest relator on X to Y such that lbs =1bg .

Remark 6.11. In contrast to the operation * and #, the operations A and
A are are not inversions compatible [52, 30]. Therefore, we shall also need the
notations

V=A-1 and V=A-1.
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Moreover, these operations are only left composition compatible in the sense
that, under the notation J= A or A, we have

(SOR)D: (SORD>D

for any two relators R on X to Y and S on Y to Z.

7. RELATIONAL CHARACTERIZATIONS OF INCREASING FUNCTIONS

To motivate our forthcoming, unifying definition for continuity properties, we
shall start with some simple observations on increasing functions.

Definition 7.1. Assume that
(a) X(R) and Y (S) are gosets; (b) f is a function of X to Y.

Then, the function f is called increasing if for any w, v € X
uRv = f(u)Sf(v).

Remark 7.2. Increasing functions have several useful characterizations in terms
of the relations ub and max.

For instance, we can easily see that f is increasing if and only f[ubgr(A)] C
ubg (f[A]) forall AC X [78].

However, it is now more important to note that the following two theorems are
also true.

Theorem 7.3. The following assertions are equivalent :
(1) f is increasing;

(2) (wv)eR = (f(u),f() €S

(3) veR(u) = f(v)eS(f(u) foral ueX.

Theorem 7.4. The following assertions are equivalent :
(1) f isincreasing;

(2) foRC Sof, (3) RC floSof;
(4) foRof'CS, (5) Rof™1C f71o08S.

Proof. By the corresponding definitions, it is clear that, for any u € X, the
following assertions are equivalent :

veERu) = f(v)ES(f(u));
FIRW)] € S(f(u); (foR)(u) € (Sof)(u).
Therefore, by Theorem 7.3, assertions (1) and (2) are also equivalent.

The proofs of the remaining equivalences depend on the increasingness and
associativity of composition, and the inclusions
Ax Cflof and fof1CAy,

where Ax and Ay are the identity functions of X and Y, respectively.

Remark 7.5. The latter inclusions indicate that assertions (2)—(5) need not be
equivalent for an arbitrary relation f on X(R) to Y(95).

Therefore, they can be naturally used to define different increasingness properties
of a relation F on X(R) to Y(S).
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Remark 7.6. Having in mind the associated set-valued function, a relation F' on
the goset X (R) to a set Y may be naturally called increasing if « Rv implies
F(u) C F(v) for all u,ve X.

Thus, it can be easily shown that the relation F' is increasing if and only if its
inverse F~! is ascending-valued in the sense that F~!(y) is an ascending subset
of X(R) forall yeY.

By using the corresponding definitions, the latter statement can be reformulated
in the form that R[F~'(y)] C F~(y) forall y €Y. Thatis, RoF~!1 C F~!,
and thus RoF~1 C F~lo Ay .

Remark 7.7. In addition to the above inclusion-increasingness, a relation F' on
X (R) to Y (S) may be naturally called order-increasing if u € lbg(v) implies
F (u) € Lbg (F (v)) forall ve X.

That is, (u, v) € R implies F (u)x F (v) C S. Thus, it can be shown that F
is order-increasing if and only if FoRo F~'C S, or equivalently F[R (u)] C
ubg (F (u)) for all u e X.

Now, as an immediate consequence of Theorem 7.4 and a basic theorem on box
products, we can also state

Corollary 7.8. The following assertions are equivalent :

(1) f is increasing;

(2) (FR)[RICS; (3) (JRR)[Ax]C(SRF) 1 [Ay];
(4) RC(fBF)[S]; (5) (R'E/S)[Ax]C(f'RS)[Ay].

However, it is now more important to note that, by using our former operations
on relators, Theorem 7.4 can be reformulated in the following instructive form.

Theorem 7.9. Under the notations
F=A{r} R =A{R}, S={S5}
the following assertions are equivalent :

(1) f is increasing;
(2) (S*oF*)'C(FroR*), (3) ((F*)_loS*o}“*)*gR**,
(4) 8**g(f*o7z*o(f*)‘1)f (5) ((}"*)_108*>*§(R*o(]—"*)_1)*.

Proof. The check the equivalences of the assertions (2)—(5) of this theorem to
assertions (2)—(5) of Theorem 7.3, it is convenient to use that * is an inversion
and composition compatible closure operation for relators. Thus,

(a) (R*)_l = (R~1)" for any relator R on X to Y;
(b) RCS* < R*C S* for any relators R and Son X to Y ;
(c) (SoR)*: (S*o R*)* for any relators R on X to Y and Son Y to Z.

Remark 7.10. Note that in Theorems 7.3, 7.4 and 7.9, R and S may be thought
of not only as certain order relations <y and <y, but also as some surroundings
B{* and BZv.

Therefore, instead of the term ”increasing”, we can equally well use the term
”continous”. Namely, if R = B{* and S = BZ¥, then assertion (2) of Theorem
7.3 means only that dx(u, v) <4 implies dy (f (u), f (v)) <e.
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8. FOUR BASIC CONTINUITY PROPERTIES FOR PAIRS OF RELATORS

Now, by pexiderizing the inclusions (2)—(5) in Theorem 7.9, we may naturally
introduce the following general definition whose origins go back to [48, 39, 61, 91].

Definition 8.1. Assume that
(a) (X,Y)(R) and (Z,W)(S) are relator spaces;
(b) F isarelatoron X to Z and G be a relator on Y to W;

() O=(0,) ?:1 is a family of direct unary operations for relators.

Then, we say that the pair (F, G) is, with respect to the relators R and S,

(1) wupper O-semicontinuous if
Dg DG
(Smlof'DQ) C (gD4ORD5) ’
(2) mildly O-continuous if
) 04
< (gﬂl) 08020 st) C ROsOs,
(3) waguely O-continuous if

_17\ Do
3D152g<gD30RD4O<}-D5) ) 7

(4) lower O-semicontinuous if
-1 —1\ s
((gﬂl) oSD2> c <RD4o (7o) > .

Remark 8.2. To keep in mind the above assumptions, for any R € R, S € S,
F e F and G € G, one can use the diagram :

Us

x L.,z

r| |s

YL>W

Remark 8.3. Now, for any F' € F and G € G, the pair (F, G) may, for
instance, be naturally called upper [J-semicontinuous, if the pair ({F s {G}) is
upper [-semicontinuous. That is,

(5790 {F}7) " ¢ ({G) P o RD)

Unfortunately, this condition may greatly differ from the more natural requi-

O O . .
rement that (851 oF) *C (Go RD5) ®  which should also be given an
appropriate name.

In this respect, it is worth noticing that, for instance, we have

{FY* ={F}"={F}* and {F}* = {Fox*}’
for all F € F.

Remark 8.4. Thus, the the pair (F', G) may, for instance, be naturally called
selectionally upper [J-semicontinuous if for any selection functions f of F' and g
of G the pair (f, g) is upper [J-semicontinuous.
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Moreover, the pair (F, G) may, for instance, be naturally called elementwise
upper O-semicontinuous if for any F € F and G € G, the pair (F, G) is upper
[O-semicontinuous. This may greatly differ from property (1).

Remark 8.5. If in particular I is a direct unary operation for relators, then the
pair (F, G) may, for instance, be also naturally called upper [-semicontinuous

—semicontinuous. That is,

(570757 (s%m)

if it is upper (D ) ?:1

Remark 8.6. Thus, the pair (F, G) may, for instance, be naturally called
properly upper semicontinuous if it is upper [-semicontinuous with [ being the
identity operation for relators. That is, So F CGo R.

Moreover, the pair (F, G) may, for instance, be also naturally called
uniformly, proximally, topologically and paratopologically upper semicontinuous if
it is [J—semicontinuous with [0 = *, #, A and A, respectively.

Thus, by using the operations Qoo and [0 instead of [, we can quite
similarly speak of the corresponding quasi upper semicountinuity and pseudo upper
semicontinuity properties of (F, G).

Remark 8.7. Finally, we note that if in particular X =Y and Z = W, then
the relator F and a relation F' € F may, for instance, be naturally called upper
[O-semicontinuous if the pairs (F, F) and (F', F') are upper [J-semicontinuous,
respectively.

9. GALOIS AND PATAKI CONNECTIONS

By our former papers [69, 77], we may naturally use the following
Definition 9.1. Assume that
(a) X (R) and Y (S) are gosets;
(b) ¢ is a function of X to itself;
(c) f is a function of X to Y and g is a function of Y to X .

Then, we say that f is increasingly right
(1) g-seminormal if for all z € X and y €Y
f@)Sy = aRg(y).
(2) p-semiregular if for all u, v e X
fw)Sflv) = uRe().

Remark 9.2. If property (1) holds, then we may also say that f and ¢ form an
increasing right Galois semiconnection between X (R) and Y (S5).

On the other hand, if property (2) holds, then we may also say that f and ¢
form an increasing right Pataki semiconnection between X (R) and Y (5).

The corresponding increasing left seminormality and semiregularity properties
of f can be defined by reversing the implications in properties (1) and (2).

Moreover, the function f may, for instance, be naturally called increasingly
g—normal if it is increasingly left and right g—seminormal.

By using the above definitions, we can easily prove the following three theorems.

Theorem 9.3. If f is an increasingly left g—seminormal function of X (R) to
Y (S), then g is an increasingly right f-seminormal function of Y (S~1) to
X(R7Y.
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Proof. For any y €Y and xz € X
g R 'z = xRg(y) = f(a)Sy = yS'[f(a).

Theorem 9.4. If f is increasingly right g-seminormal and o = g o f, then f
is increasingly right p—semiregular.

Theorem 9.5. If f is increasingly right p—semiregular, f is onto Y, and
p=gof, then f is increasingly right g—seminormal.

Proof. Suppose that © € X and y € Y. Then, since Y = f[X], there exists
v € X such that y = f(v). Thus, we can easily see that

f@)Sy = [f@)Sflv) = zRe (@)
= zR(gof)(v) = 2Rg(f(v)) = zRg(y).
Remark 9.6. By Theorem 9.4, it is clear that several properties of the increasingly
normal functions can be immediately derived from those of the increasingly regular

ones. Therefore, the latter ones have to studied before the former ones.

While, from Theorem 9.5, we can see that the increasing regular functions are
still less general objects than the increasingly normal ones. Actually, they are
strictly between closure operations and increasingly normal functions.

Namely, concerning them we can also prove the following

Theorem 9.7. If R is a preorder, then the following assertions are equivalent :
(1) ¢ is a closure operation ; (2) ¢ is increasingly @-reqular;
(3) there exists an increasingly p-regular function h of X (R) to a proset Z(T').

Hence, by using the induced order (preference) relation Ordy, defined such that
Ordf (u)={veX: f(u)sSf(v)}
for all uw € X, we can easily derive the following

Corollary 9.8. If R and S are preorders, then the following assertions are equi-
valent :

(1) f is increasingly o-reqular;
(2) ¢ is a closure operation and Ord, = Ordy .

Finally, we note that, concerning normal functions, the following three theorems
are also true.

Theorem 9.9. If R is a preorder, then the following assertions are equivalent :

(1) ¢ is an involution operation; (2) ¢ is ¢ -normal.

Theorem 9.10. If R and S are preorders, then the following assertions are equi-
valent :

(1) f is g—normal;
(2) f and g are increasing, go f is extensive and f o g is intensive.

Remark 9.11. This theorem shows that the recent definition of Galois connections
[11, p. 155], suggested by Schmidt [45, p. 209], is equivalent to the old one given
by Ore [33].

Theorem 9.12. If R and S are preorders, then the following assertions are equi-
valent :

(1) f is g—normal;
(2) f is increasing and g (y) € max(Inty(y)) forall yeY.
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Remark 9.13. Here, the induced interior relation Int; is defined such that
Int;(y)={zeX: f(x)Sy}

for all y € Y. Thus, we have Ordy = (Intsof) -

Moreover, we can also easily show that f is increasingly g—mormal if and only
if Int;(y) =1b(g(y)) forall y €Y, evenif R and S are not suppose to have any
particular property.

10. RELATIONAL CHARACTERIZATIONS OF INCREASINGLY RIGHT SEMINORMAL
FUNCTIONS

By using Definition 9.1, analogously to Theorem 7.4, we can also prove

Theorem 10.1. The following assertions are equivalent :

(1) f is increasingly right g—seminormal ;

(2) SofCgloR; (3) goSofCR.

Proof. For any x € X and y € Y, the following assertions are equivalent :

f@)Sy = zRg(y),
y€S(f(z)) = gly) € R(x),
yeS(f(x)) = yeg '[R@)],
S(f(x) € g " [R(z)]
(Sof)(x) C (g 'oR)(x).
Hence, by Definition 9.1, we can see that assertions (1) and (2) are equivalent.
Moreover, by using some basic properties of composition, we can see that

(2) = goSofCgog'oR = goSofCAxoR = (3)
and

3) = g logoSofCg'oR = AyoSofCgloR = (2).

Therefore, assertions (2) and (3) are also equivalent.

From this theorem, by using some basic theorems on the box product [74], we
can derive the following

Corollary 10.2. The following assertions are equivalent :
(1) f is increasingly right g-seminormal ;
2 (f'RS)[Ay]C(RT'®g")[Ax]; 3) (fT'®g)[SICR.

Remark 10.3. From Theorem 10.1, by using the operation %, we can easily derive
an analogue of Theorem 7.9.

However, it is now more important to note that, by using Theorem 10.1 and the
operation ® = ¢ * ¢, we can also prove the following

Theorem 10.4. Under the notations
F={ft}, Gg=1{g}, R={R}, S={5},

the following assertions are equivalent :

(1) f is increasingly right g-normal;

@) (59072)°c((6%)oR®) s () (67087 0F?)" C RO,
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Remark 10.5. To check this, note that for any relator R and relation S on X
to Y we have

SER® «—= SR = S°€R* «—= JUecR‘: UCS"
< dReR: R°CS® <— dJReR: SCR.
Therefore,
R®={SCXxY: FReR: SCR}=Uger P(R).

11. RELATIONAL CHARACTERIZATIONS OF INCREASINGLY RIGHT SEMIREGULAR
FUNCTIONS

By using Definition 9.1, analogously to Theorem 10.1, we can also prove
Theorem 11.1. The following assertions are equivalent :
(1) f is increasingly right p—semiregular;
(2) floSofCyloR; (3) pofloSofCR.
Proof. For any u, v € X, the following assertions are equivalent :
fw)Sflv) = uRep(v),
f)eS(f(u) = ¢(v) € R(u),
ve f[S(fw)] = vee ' [R@)],
FHS(fw)] € ¢ [R(w)]
(71080 f)(w) € (¢ o R)(w).

Therefore, by Definition 9.1, assertions (1) and (2) are equivalent.
Moreover, by using some basic properties of composition, we can see that

(2) = gofloSofCpoploR = pof loSofCAxoR = (3)
and

(8) = plopofloSof CploR — AxofloSofCploR — (2).
Therefore, assertions (2) and (3) are also equivalent.

From this theorem, by using some basic theorems on the box product [74], we
can derive the following

Corollary 11.2. The following assertions are equivalent :
(1) f is increasingly right p—semiregular;
2) (fIRFHISIC(RTRe ) [Ax]: (8) wo(f'Rf)[S] S R.

Remark 11.3. From Theorem 11.1, by using the operation *, we can easily derive
an analogue of Theorem 7.9

However, again it is more important to note that, by using Theorem 11.1 and
the operation ® = ¢ * ¢, we can also prove the following

Theorem 11.4. Under the notations

F=A{r} ®={e}, R ={R} §=A{S5},
the following assertions are equivalent :
(1) f is increasingly right p-regular;

@ ((F) oseor®)” c ((0°) or®)"
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12. SOME INCREASING RIGHT SEMINORMALITY AND SEMIREGULARITY
PROPERTIES FOR PAIRS OF RELATORS

Now, analogously to Definition 8.1, we may also naturally introduce the following
Definition 12.1. Assume that
(a) (X,Y)(R) and (Z,W)(S) are relator spaces;
(b) F isarelatoron X to Z and G be a relator on Y to W;

() O=(0);,

is a family of direct unary operations for relators.
Then, we say that the relator F is, with respect to the relators R and S,

(1) increasingly upper right O-G-seminormal if

B 0
(s e72) " (o) Mome)
(2) increasingly mildly right O-G-seminormal if
(9908020 ]-'D3>D4 c RUs0s,

(3) increasingly vaguely right O-G-seminormal if

1 _ 1\ Js
55152g<(953) 0RO (F00) ) :

(4) increasingly lower right -G —-seminormal if

Os _1\ Ue
(990 5%) e (R0 (7))
Remark 12.2. To keep in mind the above assumptions, for any Re R, S € S,
F e F and G € G, one can use the diagram :
x 5z

r| |s

y «¢% w

Thus, for instance, we can easily establish the following

Theorem 12.3. If in particular the operation [y is inversion compatible, then
the following assertions are equivalent :

(1) (]-', g*l) is upper O—continuous ;
(2) F is increasingly upper right (-G -normal.
Now, in contrast to Definition 12.1, we can only introduce the following
Definition 12.4. Assume that
(a) (X,Y)(R) and Z(S) are relator spaces;
(b) F is arelator on X to Z and ® is a relator on X to Y;

(c) O=(0;)., isa family of direct unary operations for relators.

Then, we say that the relator F is increasingly right [ -® —semiregular, with
respect to the relators R and &, if

<<}"Dl>lo 5920 ]-"D3>D4 c ((@Ds) o RDG>D7 .
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Remark 12.5. To keep in mind the above assumptions, for any Re R, S € S,
FeF and ® € &, one can use the diagram:

x L,z

olr s

Y A

Thus, for instance, we can easily establish the following

Theorem 12.6. If in particular U5 = g = 7 is an inversion and composition

compatible closure operation for relators and < = (Di);i:l , then the following
assertions are equivalent :

(1)
(2)

F is mildly Q—continuous with respect to the relators ®oR and S ;

F s increasingly right O —® —semiregular with respect to the relators R
and S .
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